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Triploids, recognized to occur more frequently in natural and experimental populations of many species than previously appreci-
ated, display important economic and biological values. Despite this, however, linkage analysis for triploids has not been well 
explored. We develop a statistical model for estimating and testing the linkage between molecular markers in a triploid population 
derived from a tetraploid and diploid parent. The model incorporates one important meiotic feature of tetraploids by which more 
homologous chromosomes pair with a greater likelihood than less homologous chromosomes. By implementing the EM algorithm 
within the maximum likelihood framework, the model provides a procedure for simultaneous estimation of the linkage and pref-
erential pairing factor. The model accommodates the segregating patterns of pseudotest markers and intercross markers with dif-
ferent amounts of informativeness. The utility of the model was validated through a real data analysis and simulation studies. The 
model provides a statistical tool for linkage analysis in a triploid population by taking into account meiotic behavior of tetraploids. 
Results from the model will help to shed light on the genetic diversity and origin of a polyploid population.  
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Triploids are an organism that has three complete sets of 
chromosomes, i.e., three times the haploid number of chro-
mosomes in the cell nucleus. It has been recognized that the 
occurrence of triploids in natural populations is more prev-
alent than previously appreciated [1]. Because of the extra 
set of chromosomes leading to an increase in cell nucleus 
dimensions, triploids often display more vigorous vegeta-
tive growth than their diploid counterparts [2–4]. Hence, for 
those plants whose vegetative parts are economically useful, 
triploids can be of commercial use. In forest trees, selection 
for superior triploids as an important breeding strategy has 
been stimulated by Nilson-Ehle’s [5] first discovery of a giant 
aspen triploid [1,6,7]. Nowadays, a growing body of bio-
technologies has been initiated to unravel the genetic con-
trol and regulation of triploids [8], ultimately accelerating 
the efficiency of plant breeding for these special organisms.  
As a powerful tool, genetic mapping has now been used 
routinely to study the structure and variation of genomes 
related to complex phenotypes. For a diploid plant, statisti-
cal models for genetic mapping with molecular markers 
have been well developed in the literature [9]. Despite the 
availability of several models for genetic mapping in poly-
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ploids [10–12], there is still significant inadequacy of map-
ping models and algorithms that incorporate the formation 
mechanisms and inheritance of polyploids. The purpose of 
this study is to develop a statistical model for linkage analy-
sis with molecular markers in a triploid population derived 
from an outcrossing tetraploid and an outcrossing diploid 
parent. In Populus, crossing a diploid P. tremuloides female 
with a tetraploid male P. tremula has produced triploid 
progeny [13,14]. A similar phenomenon was observed in 
other species, such as Citrus [15].  
To study the segregation of markers in a triploid popula-
tion, we need to first know how the outcrossing tetraploid 
and diploid parents transmit their alleles into the progeny. 
Although the inheritance of a diploid can be readily mod-
eled, a special consideration will be needed to model the 
complexity of inheritance characterized by a tetraploid. 
Based on the pattern of chromosomal pairings, polyploids 
can be classified into bivalent polyploids, in which only two 
chromosomes pair at a time, and multivalent polyploids, in 
which more than two chromosomes pair during meiosis [16]. 
Based on the pattern of how chromosomes pair at meiosis, 
specific models have been developed for the linkage analy-
sis of molecular markers in bivalent polyploids [12] and 
multivalent polyploids [16,17]. In this article, we will in-
corporate the bivalent inheritance into a linkage model for a 
triploid progeny population derived from a tetraploid and 
diploid. We will first describe the model for analyzing fully 
informative markers and then extend the model to consider 
the linkage of dominant markers. Simulation studies are 
carried out to test the statistical properties of the model. We 
use a real data set for citrus to validate the utilization of the 
model. The new model provides a means for constructing 
genetic linkage maps for QTL mapping in a triploid proge-
ny population.  
1  The model  
1.1  Preferential pairing factor  
Consider a bivalent tetraploid plant derived from the chro-
mosomal combination of distinct genomes and subsequent 
chromosomal doubling [18]. Four sets of chromosomes for 
the tetraploid are labelled as 1, 2, 3, and 4, respectively. 
There are three different homologous patterns:  
I. Chromosomes 1 and 2 are homologous while chromo-
somes 3 and 4 are homologous. Chromosomes from differ-
ent homologous pairs, i.e., 1 and 3, 1 and 4, 2 and 3, and 2 
and 4, are homoeologous. 
II. Chromosomes 1 and 3 and, therefore, chromosomes 2 
and 4 are homologous. Chromosome pairs, 1 and 2, 1 and 4, 
2 and 3, and 3 and 4, are homoeologous. 
III. Chromosomes 1 and 4 and, therefore, chromosomes 2 
and 3 are homologous. Chromosome pairs, 1 and 2, 1 and 3, 
2 and 4, and 3 and 4, are homoeologous. 
The affinity of chromosomal pairing may be higher be-
tween homologous pairs than between the homoeologues 
[19]. Two-third of this difference is defined as the preferen-
tial pairing factor (p) [20]. By considering all possible pairs, 
i.e., 1 pairs with 2, then 3 must pair 4; if 1 pairs with 3, then 
2 must pair 4; if 1 pairs 4, then 2 must pair 3. Of the three 
possibilities, the first is homologous and the rest are ho-
moeologous for the first configuration. The homologous 
combination has a probability of 1=1/3+p, and the two 
homoeologous combinations each have a probability of 2= 
1/3–1/2p. If p=2/3, then homoeologous chromosomes do 
not pair, i.e., chromosomal pairings happen strictly between 
the homologues. When p=0, then all the four chromosomes 
are homologous, and they will pair randomly. Thus, the 
value of p ranges from 0 to 2/3 [20].  
1.2  Gametic model  
Consider a heterozygous bivalent tetraploid line crossed with 
a heterozygous diploid line to generate a triploid hybrid 
population of size n. There are three types of markers that 
are segregating in this population: (1) pseudotest markers 
that are heterozygous in the diploid parent but homozygous 
in the tetraploid parent; (2) pseudotest markers that are het-
erozygous in the tetraploid parent but homozygous in the 
diploid parent, and (3) inter-cross markers that are hetero-
zygous in both parents. A traditional backcross model [9] 
can be used to analyze the first type of markers. However, 
we will need to develop new models for analyzing the last 
two types of markers based on meiotic features of a tetra-
ploid. For the second types of markers, the genotypes of 
progeny are consistent with the genotypes of gametes pro-
duced by the heterozygous tetraploid parent and, therefore, 
the derivation of mapping models can be based on the seg-
regation of gametes.  
(i) Fully information markers.  The marker at which a 
different allele is carried by each single chromosome is 
called fully informative marker [12]. For example, a fully 
informative marker has four different alleles, expressed as  
1, 2, 3 and 4 on chromosomes 1, 2, 3, and 4, respectively, 
for an outcrossing tetraploid and, thus, the genotype of this 
tetraploid is denoted as 1234. The genotype of two fully 
informative markers for the tetraploid is expressed as 
1234/1234. Assume that these two markers, linked with a 
recombination fraction of r, have a diplotype 
1 2 3 4
1 2 3 4
. For 
each marker, the types of gametes produced by the tetra-
ploid depend on chromosomal pairings. If the homologous 
chromosomes pair, i.e., chromosome 1 pairs with 2 and, 
therefore, chromosome 3 pairs with 4 for the first homolo-
gous configuration, then haploid gametes at a marker pro-
duced by the first pair are 1 and 2 and those produced by the 
second pair are 3 and 4, leading to diploid gametes 13, 14, 
23, and 24. It can be seen that the probability of producing 
these four gametes is 1 for the heterozygous tetraploid. 
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Similarly, we can find that the two types of homoeolo-
gous-chromosomal pairings will produce, at a probability of 
2, diploid gametes 12, 14, 23, and 34 as well as 12, 13, 24, 
and 34, respectively. Overall, the tetraploid produces (6×6)= 
36 diploid gametes for the two markers, whose frequencies 
are derived for homologous pattern I, II, or III (Table 1). 
We will develop a gametic model for estimating the recom-
bination fraction and preferential pairing factor under each 
of these three homologous patterns for a triploid progeny 
population.  
Let nj1j2/k1k2 denote the observation of diploid gamete 
j1j2/k1k2, where j1<j2=1, 2, 3, 4 are the alleles of the first 
marker and k1<k2=1, 2, 3, 4 are the alleles of the second 
marker. Based on the gamete frequencies given for diplo-
type 
1 2 3 4
1 2 3 4
 under homologous pattern I (Table 1), we 
formulate a polynomial likelihood from which to solve the 
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with n1 = n13/14 + n13/23 + n14/13 + n14/24 + n23/13 + n23/14 + n24/14 + 
n24/23, n2 = n13/13 + n13/24 + n14/14 + n14/23 + n23/14 + n23/23 + n24/13 + 
n24/24. The estimation of r is straightforward using the ana-
lytical expression (1). Howerer, we need to use a numerical 
approach for estimating p by iterating between equations (3) 
and (4) and equation (2).  
For an outcrossing tetraploid parent, its homologous pat-
tern is unknown, but we can derive similar equations to es-
timate r and p under homologous patterns II and III (based 
on Table 1), respectively. Furthermore, when two fully in-
formative markers are considered, we will have a total of 4! 
= 24 possible diplotypes, i.e., 
1 2 3 4
1 2 3 4
, 
1 2 3 4
1 2 4 3
,…, 
1 2 3 4
4 3 2 1
. By considering all possible combinations of three 
homologous patterns (Table 1) and 24 diplotypes, we cal-
culate parameters r and p from which the likelihood is esti-
mated. The combination that gives the largest likelihood is 
the most likely homologous pattern and diplotype. The op-
timal estimates of these two parameters should be derived 
from the most likely combination.  
The hypothesis about the linkage between the two mark-








  (5) 
The log-likelihood ratio under the null and alternative 
hypotheses is calculated which follows a 2-distribution 
with one degree of freedom.  
We can also test whether the preferential pairing factor p 
is equal to 2/3 (only homologous chromosomes pairs) and 0 
(there is no preference in chromosomal pairing). For each 
test, a log-likelihood ratio is calculated and compared with 
the critical threshold 2 value with one degree of freedom.  
(ii) Partially information markers.  The marker at which 
the same alleles are carried by different chromosomes is 
called partially informative marker [12]. The examples of 
partially informative markers include genotypes 1122, 1222, 
and 1233 for a tetraploid. Let us consider a pair of partially 
informative markers with genotypes 1222 and 1233, respec-
tively, which are linked with recombination fraction r. They 
have four possible diplotypes, i.e., 
1 2 2 2
1 2 3 3
, 
1 2 2 2
1 3 2 3
, 
1 2 2 2
3 1 2 3
, 
1 2 2 2
2 1 3 3
. To show how to analyze partially in-
formative markers, let us consider the first diplotype. This 
diplotype may have two possible homologous patterns I and 
II or III whose diploid gamete frequencies can be derived 
(given in Table 2) by collapsing the cells of the same gam-
ete genotypes. 
Based on Table 2, we derived analytical solutions to es-
timate the recombination fraction and preferential pairing 
factor under homologous pattern I, expressed as  
 12/23 12/33 22/12 22/131r n n n nn    , 
 2 12/12 12/33 22/12 22/331 n n n nn     . 
The estimate of the preferential pairing factor is obtained 
by  21 2 63p   . The estimates of r and p under homol-
ogous pattern II or I are based on the following procedure:  
 12/23 12/33 22/12 22/131r n n n nn    , 
 12/12 12/33 22/12 22/331p n n n nn    , 
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Table 1  Diploid gamete frequencies at two fully informative markers for tetraplotype 
1 2 3 4
1 2 3 4
 under different homologous patterns 
Marker Marker 2 
1 12 13 14 23 24 34 










































































































































































































































































1.3  Zygotic model 
For intercross markers, both parents are heterozygous so 
that the segregation pattern of progeny genotypes is differ-
ent from that of gamete genotypes. Consider two fully in-
formative markers with alleles 1, 2, 3, and 4 for the tetra-
ploid parent and alleles 5 and 6 for the diploid parent. Let us 
first assume the diplotype of the diplotype parent as 
1 2 3 4
1 2 3 4




The frequencies of 36 diploid gametes by the tetraploid 
parent under different homologous patterns are given in 
Table 1. It is easy to get the frequencies of four haploid 
gametes by the diploid parent as  
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Table 2  Diploid gamete frequencies at partially informative markers for diplotype 
1 2 2 2
1 2 3 3
 of a tetraploid 
Marker Marker 2 
1 12 13 23 33 



























































Let P6×6 denote the matrix for the frequencies of diploid gam-
etes produced by the tetraploid parent and Q2×2 denote the 
matrix for the frequencies of haploid gametes produced by 
the diploid parent. Thus, the frequencies of zygotic genotypes 
produced by the two heterozygous parents are expressed as  
P6×6 ⊗ Q2×2 
which is a 12×12 triplotype matrix (Table 3). From this ma-
trix, we can derive an analytic solution to estimate the re-
combination fraction, but will need to implement the EM 
algorithm to estimate the preferential pairing factor. Since 
the tetraplotype of the tetraploid parent and diplotype of the 
diploid parent are unknown, we will need to incorporate a 
model selection approach for determining an optimal com-
bination of tetraplotype and diplotype.  
For partially informative markers, i.e., those at which 
chromosomes of the parents share the same alleles, the 12×12 
triplotype matrix above will be collapsed into a matrix of 
reduced dimension because some triplotypes have the same 
triploid genotype. Table 4 lists the genotype frequencies of 
triploid progeny for two partially informative markers de-
rived from outcrossing tetraploid and diploid parents. The 
tetraploid is assumed to have a tetraplotype 
1 2 3 4
1 2 3 4
 and 
follow homologous pattern I. For any partially informative 
markers, we can implement an algorithm (including the EM 
algorithm) to estimate the recombination fraction and pref-
erential pairing factor.  
2  Results  
2.1  A worked example  
The model is demonstrated by analyzing a genetic data set 
collected for a triploid mapping population in Citrus. The 
study population of 79 triploid trees was derived from hy-
bridization between an allotetraploid male (HR) and a dip-
loid hybrid female (IB) [15]. The HR is a somatic hybrid 
between a Citrus sinensis Osbeck variety (Hm) and a C. 
jambhiri Luss variety (RL), whereas the IB is a sexual hy-
brid between C. reticulata Blanco and C. ichangensis 
Swingle. During the past decades, dominant marker tech-
nologies, because of their fast and inexpensive advantages, 
have been widely used for the genetic mapping of un-
derrepresented species including polyploids and trees [21]. 
In this mapping study, the diploid Hm, diploid RL, tetra-
ploid HR, diploid IB, and triploid progeny were genotyped 
for PCR-based RAPD dominant markers. Based on the gen-
otypes of the parents and original parents, all the seg-
regating markers are classified into seven types (Table 5). 
For types 1–3, the pattern of segregation is identical for 
diploid gametes and triploid zygotes, but this is different for 
types 4–6 so that the estimation of their r and p should be 
based on triploid genotypes. Type 7 segregates according to 
a diploid marker which will not be considered here.  
Let us first consider marker types 1–3. Types 1 and 2 
each have two subtypes, depending on the number of dom-
inant alleles in the original heterozygous diploid parents, 
Hm or RL. Together, we will need to develop a procedure 
for linkage analysis between five different types of markers, 
i.e., 1100, 1000, 0011, 0010, and 1010, where the first two 
alleles of a genotype are derived from the Hm parent and 
the second two from the RL parent. Whenever we have a 
marker that belongs to type 1 or 2, we need to determine the 
most likely subtype. This can be done by calculating the 
likelihood under each subtype and choosing one with the 
largest likelihood.  
To describe this procedure, we conduct linkage analysis 
for two markers both from type 1. Then it is possible to 
have four combinations of markers, 1100/1100, 1100/1000, 
1000/1100, and 1000/1000. The first two alleles at each 
marker are from the Hm parent, whereas the second two 
alleles are from the RL parent. Thus, it is reasonable to    
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Table 4  Triploid zygote frequencies at partially informative markers for the cross of tetraplotype 
1 2 2 2
1 2 3 3















































































Table 5  Marker types for the citrus cross between allotetraploid male (HR) and a diploid hybrid female 
Type 
Hm  RL  Tetraploid HR  Diploid IB 
Pheno Geno  Pheno Geno  Pheno Geno  Pheno Geno 
1 1 11  0 00  1 1100  0 00 
  10      1000    
            
2 0 00  1 11  1 0011  0 00 
     10   0010    
            
3 1 10  1 10  1 1010  0 00 
            
4 1 11  0 00  1 1100  1 10 
  10      1000    
            
5 0 00  1 11  1 0011  1 10 
     10   0010    
            
6 1 10  1 10  1 1010  1 10 
            
7 0 00  0 00  0 0000  1 10 
 
assume that preference pairings take place between the two 
Hm chromosomes and between the two RL chromosomes. 
The first three two-marker genotypes should each have a 
unique diplotype, respectively, expressed as  
 
1 1 0 0
1 1 0 0
, 
1 1 0 0
1 0 0 0
, 
1 0 0 0
,
1 1 0 0
 (7) 
which produces diploid gametes with frequencies, respec-
tively, as follows  
 
 1_ 00 
1_    22 2 11 1 2 1
2




r r r       
00  2 21 1
2






r   
(8) 













r    21 1 2 r    
 

















r    
 
The last genotype may have two possible diplotypes, i.e.,  
 
1 0 0 0
1 0 0 0
, 
1 0 0 0
0 1 0 0
, (11) 
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with a probability of q and 1−q, respectively. Each diplo-
type may produce different frequencies of diploid gametes, 
but their overall frequencies, weighted by diplotype proba-
bilities, are given as 
 
 1_ 00  
1_    1 21 1 11 12 2 2r q qr 




rq qr         .               (12)
00    1 21 1 1 112 2 2rq qr  




r q qr         
 
Based on matrices (8), (9), (10), and (12), we implement 
the EM algorithm to estimate the recombination fraction 
and preferential pairing factor. For matrix (12), we will also 
need to estimate diplotype probability q. An optimal marker 
genotype combination can be selected from the larger like-
lihood. 
We use the preferential pairing model to analyze some of 
the dominant markers that belong to types 1–3 of Table 5. 
The recombination fraction between different markers and 
the preferential pairing factor (p) were estimated simulta-
neously using the model. The estimated recombination frac-
tions were converted to genetic distances using Kosambi’s 
map function. A total of seven markers were localized in the 
same linkage group with genetic distances shown in Figure 1. 
The estimate of p was quite low, suggesting that the allotet-
raploid parent (HR) tends to pair their chromosomes with an 
equal likelihood during meiosis. 
2.2  Computer simulation  
We performed computer simulation to test the statistical 
behavior of the model. Because the first type of markers can  
 
Figure 1  Linkage groups composed of dominant markers that belong to 
types 1–3 of Table 5 in citrus triploid hybrids. Estimates of map distances 
and the preferential pairing factor (p) using a pair of markers were shown.  
be analyzed by a general backcross model [9], our simula-
tion will focus on linkage analysis of the next two types of 
markers. As a demonstration, we design two representative 
mating designs for pseudotest markers under the gametic 
model:  
 
1 2 3 4 1 1
1 2 3 4 1 1
 , for fully informative markers,  (13) 
 
1 2 2 2 1 1
1 2 3 3 1 1
 , for parially informative markers. (14) 
Genotype data were simulated by considering the fol-
lowing four scenarios: (1) no preferential pairing (p=0) and 
low linkage (r=0.3), (2) no preferential pairing (p=0) and 
high linkage (r=0.05), (3) high preferential pairing (p=0.4) 
and low linkage (r=0.3), and (4) high preferential pairing 
(p=0.4) and high linkage (r=0.05). Each scenario includes 
different sample sizes, 100, 200, and 400. The simulated data 
were analyzed by the triploid model incorporating preferen-
tial pairing. 
For fully informative markers, the preferential pairing 
model provided reasonable estimates of both the recombi-
nation fraction and preferential pairing factor (p) under the 
four scenarios even if a small sample size (100) was used 
(Table 6). When there is no preferential pairing, the model 
still found a small p value which is false positive. However, 
the good thing is that false positive rates are reasonably low 
(<0.10). If preferential pairing occurs, the model displays 
sufficient power to detect this phenomenon. As expected, 
the precision of parameter estimates by the new model and 
its power and false positive rates can be improved when 
sample size increases (results not shown).  
Compared with fully informative markers, the estimation 
precision of parameters for partially informative markers is 
reduced due to a less amount of informativeness (Table 7). 
For a particular mating design (14), different results are 
obtained from homologous patterns I and II or III. The es-
timation precision of p, power of p detection and false posi-
tive rates are much worse under pattern II or III than pattern 
I. This may be due to the fact that chromosomes 3 and 4 
carry the same alleles at these two markers and, thus, they 
tend to be more homologous. All these can be improved by 
doubling sample size to 200 (data not shown).  
An additional simulation was carried out to judge whether  
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Table 6  Maximum likelihood estimates of the recombination fraction (r) 
and preferential pairing factor (p) for mating design 
1 2 3 4





1000 simulation replicates under different simulation scenarios in a map-
ping population of size 100a) 
Scenario 
True  Estimation  
Power FPR 
p r  p r  
1 0 0.05  0.0342 0.0506  – 0.081 
    (0.0502) (0.0155)    
2 0 0.30  0.0269 0.2982  – 0.096 
    (0.0383) (0.0320)    
3 0.4 0.05  0.4009 0.0502  1 – 
    (0.0644) (0.0165)    
4 0.4 0.30  0.4018 0.2993  1 – 
    (0.0529) (0.0316)    
a) Numbers in parentheses are the standard errors of the estimates. The 
power for p identification by the new model and its false positive rates 
(FPR) are also shown. 
the new model can correctly discern homologous patterns. 
We used homologous pattern I to simulate fully informative 
marker data under four simulation scenarios and then ana-
lyzed the data with the model derived from different ho-
mologous patterns. It was found that when p=0.5, the model 
has about 0.70 probability to correctly identify the homolo-
gous pattern. This probability will increase to about one 
when p increases to 0.30. A similar conclusion was detected 
for partially informative markers simulated from mating 
design (14).  
The same simulation design was used to analyze inter-
cross marker data which were then analyzed by the zygotic 
model. In general, similar results were found for the preci-
sion of parameter estimation by the zygotic model as well as 
its power and false positive rates.  
3  Discussion  
Chromosomal pairings in bivalent polyploids depend on the 
homology between the genomes involved, with a preference 
in pairing between homologous over homoeologous chro-
mosomes [22–24]. Wu et al. [12] incorporated this so-called 
preferential pairing factor into a linkage model in polyploids 
by better capturing the cytological pairing mechanisms for 
meiotic configurations and inheritance in polyploids. This 
incorporation is shown to improve the accuracy of the esti-
mation of the recombination fraction for some particular 
marker types in bivalent polyploids. The estimation of the 
preferential pairing factor helps to understand the cytologi-
cal mechanisms of polyploids and relatedness of different 
genomes involved [25–27].  
The development of the model presented in this article 
was motivated from segregating triploid populations de-
tected in many plant species [1,6,7,15]. We considered a 
case in which triploids were generated from crossing a tet-
raploid and diploid. The tetraploid parent was assumed to 
follow bivalent meiosis during which more homologous 
chromosomes pair more likely than less homologous chro-
mosomes. We derived gametic and zygotic models for 
pseudotest markers and intercross markers, respectively. For 
both models, we first derived a general model for analyzing 
the linkage between fully informative markers and then ex-
tended the model to accommodate the segregating pattern of 
other partially informative markers. Linkage analysis of less 
informative markers needs a special treatment by develop-
ing the sophisticated EM algorithm. We performed simula-
tion studies to validate the usefulness of our model for esti-
mating the linkage and preferential pairing factor. The model 
was used to reanalyze a published data set for a triploid 
progeny in Citrus. Several dominant markers were detected 
to be linked on a group. More importantly, by estimating the  
Table 7  Maximum likelihood estimates of the recombination fraction (r) and preferential pairing factor (p) for mating design 
1 2 2 2




 with different 
homologous patterns from 1000 simulation replicates under different simulation scenarios in a mapping population of size 100a)  
Sce- 
nario 






 p r  p r 
1 0 0.05 0.0031 0.0495 – 0.097 0.0079 0.0496 – 0.109 
   (0.0961) (0.0213)   (0.1149) (0.0211)   
2 0 0.30 0.0056 0.3015 – 0.080 0.0073 0.2972 – 0.108 
   (0.0971) (0.0454)   (0.1060) (0.0456)   
3 0.4 0.05 0.3962 0.0488 0.989 – 0.4068 0.0494 0.580 – 
   (0.0658) (0.0224)   (0.1960) (0.0226)   
4 0.4 0.30 0.4049 0.3024 1 – 0.4003 0.3022 0.564 – 
   (0.0667) (0.0446)   (0.1935) (0.0437)   
a) Numbers in parentheses are the standard errors of the estimates. The power for p identification by the new model and its false positive rates (FPR) are 
also shown.  
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preferential pairing factor, we have for the first time report-
ed the extent of homologous paring between different chro-
mosomes of different Citrus species.  
Our model was based on two-point linkage analysis. It is 
important to extend it to a three-point analysis because a 
multi-locus model will provide more information about 
meiotic functions and mechanisms. For example, a three- 
point analysis allows the test and estimation of genetic in-
terferences and their effects on the recombination events. In 
statistics, a three-point analysis helps to increase the power 
of linkage detection and the precision of parameter estima-
tion especially when markers are dominant. A three-point 
analysis is also a foundation of interval mapping for quanti-
tative trait loci affecting complex phenotypes. A QTL map-
ping model that incorporates the preferential pairing factor 
will provide a new powerful tool to study the genetics of 
polyploids.  
The model for bivalent tetraploids can be extended, with 
no theoretical difficulty, to handle bivalent polyploids of an 
arbitrary ploidy level, such as hexaploid, octoploids and 
dexaploids [28]. A key issue for modeling these high-ploidy 
polyploids is how to characterize the preferential pairing 
factor. Sybenga [23] proposed a genetic model for deter-
mining preferential chromosomal pairings in hexaploids. 
Our model assumes that marker segregation follows Men-
del’s law, but this assumption may be violated. In Wu et al. 
[9], models for linkage analysis with distorted or misclassi-
fied markers are described for diploid species, which should 
be extended to precisely identify the linkage in polyploid 
species. Also, given the widespread occurrence of poly-
ploidy in nature, it is crucial to study the genome organi-
zation of polyploids based on the linkage disequilibria of 
molecular markers. Hou et al. [29] proposed a statistical 
design that integrates the linkage, linkage disequilibrium, 
and inbreeding rate to analyze genetic diversity and mating 
behavior in diploid populations. A similar integrative model 
can be developed for polyploid populations by implement-
ing our linkage analysis model in Hou et al.’s design. A 
powerful statistical method for linkage analysis and linkage 
disequilibrium analysis using molecular markers, increas-
ingly available for polyploids, provides an important step 
towards studying the genetic basis of quantitative variation 
in these underrepresented but important species.  
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